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Motivation:

Glass Transition
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Parameters :
» mass ratio ocean/atmosphere: m
> friction coefficient (nonlinear): cp
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Figure 12.7: Space variability (black) and time variability (white) for four values of the
drag coefficient in the atmosphere (right) and in the ocean (left). For the ocean the
variability are multiplied by 100 for the three lower drag coefficients.

(Moulin & Wirth 2016, BLM 160)



Three Phases
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Glassy State

Cristaline solid Glass

Glasses have the mechanical rigidity of crystals, but the random
disordered arrangement of molecules that characterizes liquids.
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Brownian motion




Einstein relation (1905)

» macroscopic: Stoke’s law : v = %
: . (x?)
» microscopic: random walk (1D): D = of
> — = = —
equipartition p= (u(t)=) S
ks T RT



Langevin Equation (1908)

mosu(t) = —mryu(t) + F(f)

dissipation: v macroscopic systematic  constant
fluctuationn:  F(t) microscopic random  (F(f))=0

m m
—Oyx? — mu? = _7?&)(2 + xF
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Langevin Equation, 1té calculus (1940)
u(0)=0

t
u(t) = u(0)e " + et / F(t)e!
0

wwp) = o= [ [ F)F) et dtat
0 JO

(F(t)F(t2)) = 2Ri(t2 — t1)

Fluctuation dissipation relation:

(w(ep) = 7
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Parameters :
» mass ratio ocean/atmosphere: m
> friction coefficient (nonlinear): cp
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2D Turbulence




Model

Wwind ua

—
——————— Fnction

Current uo

atUO — —S(Uo - Ua)

stat. solution « 2D turbulence model



Model

>
wind va
—
Otug = —Sm(us—up)+ F

8{U0 — _S (UO - Ua)



Linear Local Model

8{U3 == —SMUS+F
3tut = F

t
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t
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Linear Local Model : 2nd order moments
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Fluctuation Dissipation Relation (FDR)
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Quadratic Local Model

duzs =— Smluglus+F
atuO == S |US|US

with us = Uz — Up, Uy = Uy + Muy.

atus = —SM‘US‘US‘i‘F
Uy = F

Linear Langevin eq. with eddy friction:
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Lin. vs. Quadratic Langevin eq.
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Stochastic differential equation:
Integrating many independent realisation:

oiu = F(u,w) with, weQ

— measure moments :
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(“Lagrangian approach”)
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Fokker-Planck equation:
Obtain PDE for the time evolution of the pdf:

.1
0tP(u, t) = 9y (a(u)P(u) + Eau [b(u)P(u)])
— solve equation if possible and obtain moments by integration:

(") = / WdP,  ((u)) = / f(u)dP

(“Eulerian approach”) -



Linear model: SDE < Fokker-Planck equation:
SDE:

atuS - —SMU5+F
Uy = F

Fokker-Planck
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Non-linear model: SDE < Fokker-Planck equation:
SDE:

dus =— SMuglus+F (1)
oy = F (2)

Fokker-Planck
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FDR 2D : (u2), (Uallp)
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Fluctuation Dissipation Theorem, Response Theory

Auto-correlation:
C(t, At) = (x(t)x!(t + At))
Decay of a perturbation:
(x(t+ Ab)) = x(t, ADX
The FDT:
C(t,At)C(t,0)~" = x(t, Ab).

S



Fluctuation Dissipation Theorem (2)

The Fluctuation Dissipation Theorem is proofed for:
» linear models with white forcing.

> linear models with colored forcing, when the phase space
is augmented by the forcing variable (otherwise dynamics
at time fy is correlated to forcing at time ¢ > tj)

(Wirth 2019, NPG, paper of the month)



Power input (mechanical)
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Fluctuation theorem

Second faw of Shevmodynamica

The pdf of time averages is considered.
22
Prob(zi < Z' < 2z)= | pdfy(z)adz
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pdf is non Gaussian



Fluctuation theorem

The symmetry function of the pdfs:

Ss(z) =1In (ZT(Z))> =072,
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Fluctuation theorem
(20° — 30°N, 20° — 30°W), res 0.5° (sub-trop. gyre)
1993-2017, res 6h

p(2) S(z)/r
» Pdf non Gaussian

» With increasing averaging time negative events for the
power-input to the ocean occure less often.

» The symmetry function is linear with z and scales « .



Fluctuation theorem
(15° — 25°N, 150° — 160°E), res 0.5° (sub-trop. gyre, Pacific)
1993-2017, res 6h

p(2) S(2)/T
» Pdf non Gaussian

» With increasing averaging time negative events for the
power-input to the ocean occure less often.

» The symmetry function is linear with z and scales « .



Fluctuation theorem
(35° — 45°N, 35° — 45°W), res 0.5° (Gulf Stream extension)
1993-2017, res 6h

p(2) S(2)/T
» Pdf non Gaussian

» With increasing averaging time negative events for the
power-input to the ocean occure less often.

» The symmetry function is not linear with z.



Fluctuation theorem
(30° — 40°N, 150° — 160°E), res 0.5° (Kuroshio extension)
1993-2017, res 6h

p(z) S(z)/r
» Pdf non Gaussian

» With increasing averaging time negative events for the
power-input to the ocean occure less often.

» The symmetry function is not linear with z.



Fluctuation theorem

The symmetry function of the pdfs:

Sy(2) = In< z'(2) ) — o712,

ZT(_Z)
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no mean focing mean focing
(Wirth & Chapron 2021, NPG, paper of the month)



Conclusions

The ocean subject to atmospheric forcing obeys a
fluctuation dissipation relation.

Local models (linear and quadratic) can be solved
analytically (also with coloured noise).

Some of the results from local models can be transposed
to fully 2D turbulence models.

FDT, FT, Jarzynski equality and Crooks relation are
explored.



Perspectives

Dissipation of non-resolved dynamics is included in models
(atmosphere, ocean climate, ...) but not the fluctuations.
However, fluctuation-dissipation-relations hold at all levels
of the dynamics.

Consider truely non equilibrium processes (beyond:
spin-up, spin-down)

Glassy states — Look at co-organization between ocean
and atmosphere dynamics

Use modern tools of nonequilibrium stat. mech. in climate
science

Applies whenever two systems with different characteristic
scales interact

Data, Data, Data
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