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Don’t worry...
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Wave-Energy Convertors

Diagram by Claus Lunau
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Which energy ?

Free surface Euler equation

(fluid domain)

{
∂tU + (U · ∇X ,z)U = −1

ρ∇X ,zP + g,

divU = 0,

(surface)

{
∂tζ − U · N = 0,

P = Patm

(bottom) U · N = 0

Energy conservation
e =

1

2
ρgζ2 + ρ

ˆ ζ(t,X )

b(X )

1

2
(|V |2 + w2),

∂te +∇ · F = 0

with
F = ρ

ˆ ζ(t,X )

b(X )
V (gζ +

1

ρ
(P − Patm) +

1

2
|U|2) (kW ·m−1)
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D. Lannes Institut de Mathématiques de Bordeaux GDR ClimatWave-structure interactions and wave energy Mai 2024 4 / 14



Which energy ?

Free surface Euler equation

(fluid domain)

{
∂tU + (U · ∇X ,z)U = −1

ρ∇X ,zP + g,

divU = 0,

(surface)

{
∂tζ − U · N = 0,

P = Patm

(bottom) U · N = 0

Energy conservation
e =

1

2
ρgζ2 + ρ

ˆ ζ(t,X )

b(X )

1

2
(|V |2 + w2),

∂te +∇ · F = 0

with
F = ρ

ˆ ζ(t,X )

b(X )
V (gζ +

1

ρ
(P − Patm) +

1

2
|U|2) (kW ·m−1)
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Wave energy : how much ?
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The situation today
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The CFD approach

[C. Eskilsson et al. 2015]

Specific difficulties ([Kim et al 2016])

Highly separated flow with Reynolds number ∼ 107 around hull
Large scale differences between hull and mooring and riser systems
Open ocean environment requires computation of large volume of fluid
Non-Gaussian stochastic environment

 Cost of a CFD project for a numerical basin ∼ physical model tests.
 Relevant for

1 Vortex-induced motion of a multi-column floater
2 Global performance of a multi-column floater in extreme wave

environment
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Fully nonlinear potential methods

[Engsig-Karup] [Dombre et al]

Free surface Bernoulli equation

(fluid domain)

{
∂tΦ + gz + 1

2 |∇X ,zΦ|2 = −1
ρ(P − Patm)

∆X ,zΦ = 0,

(Free surface)

{
∂tζ −∇X ,zΦ · N = 0,

P = Patm

(solid surface) ∇X ,Z · N = Usolid · N

 Faster than CFD but still very complicated
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Linear potential methods

 The variations of the fluid domain domain are neglected

Φ = ẋjψj +

ˆ t

−∞
ϕj(t − τ)ẋjdτ

ψj = potential for instantaneous impulsive velocity of floating object
ϕj = potential for radiating disturbance of the free surface

 Newton:
mẍ = mg +

ˆ
Γw

Pn ∼ mg +

ˆ
Γw

(Patm − ρgz − ∂tΦ)n

 Cummins’ equation
6∑

j=1

[(mjδjk + mjk)ẍj + cjkxj +

ˆ t

−∞
Kjk(t − τ)ẋj(τ)dτ ] = 0 (1 ≤ k ≤ 6)
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Φ = ẋjψj +

ˆ t

−∞
ϕj(t − τ)ẋjdτ
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Wave-Structure interaction as partially constrained models

(i) Choice of the wave model. For instance, the NSW equations:{
∂tζ +∇ · (hv) = 0,

∂tv + v · ∇v + g∇ζ = −1
ρ∇P,

(h = H0 + ζ)

v is the vertically averaged horizontal velocity
P is the pressure on the water surface.

(ii) Identification of the constraints in E and I.
In the exterior region E , P = Patm, ζ free:{

∂tζ +∇ · (hv) = 0,

∂tv + v · ∇v + g∇ζ = 0.

In the interior region I, P free, ζi = ζw:{
∇ · (hivi) = 0,

∂tvi + vi · ∇vi + g∇ζw = − 1
ρ∇P i.

(iii) Matching conditions on Γ . What ?
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The contacts points...

Non-vertical walls

continuity of q
continuity of ζ
continuity of P

 free boundary problem

E+
<latexit sha1_base64="d2nauitlN6VTrTR4BEqH7s+vnXA="></latexit>

I<latexit sha1_base64="FBU6mSaybf9WUdmxqaqajpOAVkk="></latexit>

"⇣i,+ = "⇣e,+
<latexit sha1_base64="9iz0a3kBv/hq984arTzJbsQXAII="></latexit>

Vertical walls

continuity of q
discontinuity of ζ
fixed boundary

 Boundary condition for P i ?

"⇣e,�
<latexit sha1_base64="H4eZ91EBG+f64mJK3WSafktVGWo="></latexit>
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 Continuity of the energy flux
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Reduction to an IBVP/ transmission problem
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Notations:
Jf K = f (λ)− f (−λ
〈f 〉 = 1

2 (f (λ) + f (−λ) )

Exterior{
∂tζe + ∂xqe = 0

∂tqe + ∂x

(
qe2

he

)
+ ghe∂xζe = 0

Transmission conditions{
JqeK = −2λδ̇,

〈qe〉 = 〈qi 〉,
where {

(m + m(δ))δ̈ + δ + NL(δ, 〈qi 〉) = 〈Ge〉
α(εδ) d

dt 〈qi 〉+ NL(δ, 〈qi 〉) = − JGeK
2λ

G := gζ +
1

2

q2

h2
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Reduction to an IBVP/ transmission problem
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Notations:
Jf K = f (λ)− f (−λ
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2 (f (λ) + f (−λ) )

Exterior{
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(
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he

)
+ ghe∂xζe = 0

Transmission conditions{
JqeK = −2λδ̇,

〈qe〉 = 〈qi 〉,
where {

(m + m(δ))δ̈ + δ + NL(δ, 〈qi 〉) = 〈Ge〉
α(εδ) d

dt 〈qi 〉+ NL(δ, 〈qi 〉) = − JGeK
2λ

G := gζ +
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Conclusion

Various strategies:

1 CFD: very precise, very CPU expensive
2 Fully nonlinear potential flow: precise, CPU expensive
3 Constrained reduced models

Limited range of validity
Very fast and capture nonlinear effects
Can be coupled to existing operational wave models

Uhaina

Open mathematical and numerical issues for the treatment of IBVP
Extension to see-ice modelling ?

4 Linear potential flow: low precision, very fast
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D. Lannes Institut de Mathématiques de Bordeaux GDR ClimatWave-structure interactions and wave energy Mai 2024 13 / 14



Conclusion

Various strategies:
1 CFD: very precise, very CPU expensive
2 Fully nonlinear potential flow: precise, CPU expensive
3 Constrained reduced models

Limited range of validity
Very fast and capture nonlinear effects
Can be coupled to existing operational wave models

Uhaina

Open mathematical and numerical issues for the treatment of IBVP
Extension to see-ice modelling ?

4 Linear potential flow: low precision, very fast
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Thank you for your attention!
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